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The nature of dark energy affects the Hubble expansion rate (namely, the expansion history) H(z)
by an integral over w(z). However, the usual observables are the luminosity distances or the angu-
lar diameter distances, which measure the distance-redshift relation. Actually, the property of dark
energy affects the distances (and the growth factor) by a further integration over functions of H(z).
Thus the direct measurements of the Hubble parameter H(z) at different redshifts are of great im-
portance for constraining the properties of dark energy. In this paper, we show how the typical dark
energy models, for example, the ΛCDM, wCDM, CPL, and holographic dark energy models, can be
constrained by the current direct measurements of H(z) (31 data used in total in this paper, covering
the redshift range of z ∈ [0.07, 2.34]). In fact, the future redshift-drift observations (also referred to
as the Sandage-Loeb test) can also directly measure H(z) at higher redshifts, covering the range of
z ∈ [2, 5]. We thus discuss what role the redshift-drift observations can play in constraining dark
energy with the Hubble parameter measurements. We show that the constraints on dark energy can
be improved greatly with the H(z) data from only a 10-year observation of redshift drift.
I. INTRODUCTION
In 1998, two observation teams independently found that the universe is currently undergoing an accel-
erating expansion, through the observations of type Ia supernovae [1, 2]. Though the statistical significance
was not high enough, the supernovae evidence for cosmic acceleration was quickly accepted by the com-
munity at large because the subsequent observations of cosmic microwave background (CMB) [3, 4] and
large-scale structure (LSS) [5, 6] soon provided substantial independent evidence supporting the conclusion
of supernovae observations. If the theory of general relativity (GR) is valid on all scales of the universe, the
fact of cosmic acceleration implies that a new energy component with negative pressure, referred to as “dark
energy” [7–16], is needed in the universe. However, there still exists another possibility: that the cosmic
acceleration arises from a breakdown of GR on cosmological scales. To distinguish between dark energy
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2and modified gravity (MG) is a major mission in modern cosmology. A basic strategy is to accurately mea-
sure the both histories of cosmic expansion and growth of structure and to compare them for a consistency
check.
The main property of dark energy is characterized by its equation-of-state parameter (EoS) w(z). In fact,
dark energy affects the expansion history and growth of structure of the universe in a subtle way. To measure
the history of the cosmic expansion, the most important way is to measure the distance-redshift relation.
For example, through the observations of type Ia supernovae, one measures the luminosity distances at
different redshifts, and through the observations of baryon acoustic oscillations (BAO), one measures the
angular diameter distances at different redshifts. The cosmic distance, whether the luminosity distance or
the angular diameter distance, is linked to the Hubble expansion rate H(z) through an integration, namely,
Dc(z) =
∫ z
0 dz
′/H(z′), where Dc(z) is the comoving line-of-sight distance to an object at redshift z in a
flat universe. The luminosity distance DL(z) and the angular diameter distance DA(z) can be expressed as
DL = (1 + z)Dc and DA = (1 + z)−1Dc, respectively. In fact, the linear growth factor also involves a further
integration over a function of H(z).
Furthermore, the property of dark energy affects the Hubble expansion rate H(z) also through an integral,
namely, in a flat universe, we have
H2(z)
H20
= Ωr(1 + z)4 + Ωm(1 + z)3 + (1 −Ωr −Ωm)X(z), (1)
where Ωr and Ωm are the current density parameters of radiation and matter, respectively, and X(z) describes
how dark energy density evolves with redshift,
X(z) ≡ ρde(z)/ρde(0) = exp
[
3
∫ z
0
1 + w(z′)
1 + z′
dz′
]
. (2)
Therefore, it is extremely difficult to constrain the property of dark energy using the measurements of
cosmic distances and growth rate of structure, because there are two integrals between these observables
and w(z). Obviously, to accurately constrain the history of dark energy evolution, a more important way is
to directly measure the Hubble parameter H(z), owing to the fact that between H(z) and w(z) there is only
one integral. While difficult, a number of measurement data of H(z) have been accumulated and studied in
recent years [17–48].
Through two astrophysical methods, namely, the measurement of differential age of galaxies and the
measurement of clustering of galaxies or quasars, more than 30 observational data of H(z) have been ob-
tained [18, 21, 23, 29, 30, 32, 33, 38–41, 45, 46]. One of the major aims of this paper is to have a look
at how these H(z) data can constrain dark energy. We perform such an analysis by taking several typical
dark energy models as examples. We only focus on the expansion history of the universe, thus we do not
3consider MG models in this paper. Since the current observations show that the spatial curvature of the
universe is very small, |Ωk| . O(10−3) [49], we only consider a flat universe in the analysis of this paper.
The current data of H(z) are all in the range of z . 2. Obviously, measuring H(z) at higher redshifts could
provide additional accurate information as regards Ωmh2, thus helping break the low-redshift parameter
degeneracies, which is of great importance to constrain the property of dark energy. Recently, there have
been a number of works discussing the observations of redshift drift [50–63], which probe the expansion
history of the universe in the “redshift desert” of 2 . z . 5. Through monitoring the shift of Lyman-α forest
absorption line of a distant quasar over a period of a few decades, one can detect the time variation of its
redshift, namely, the redshift drift. This is equivalent to measure the Hubble parameter at a high redshift.
This method is also referred to as the “Sandage-Loeb test” (SL test) [64, 65]. The highly accurate COsmic
Dynamics EXperiment (CODEX) spectrograph on the 39m Extremely Large Telescope (ELT) being built
is expected to perform such a task [53]. The forecast analyses of using the redshift-drift observations to
constrain dark energy have been recently done in a number of work [50–63]. The combination of SL test
data and current Hubble parameter data was also preliminarily discussed in [61]. In this paper, we wish to
perform an uniform analysis for several popular, typical dark energy models, by combining the current H(z)
data with the future high-redshift H(z) data from the redshift-drift observations.
The simplest candidate for dark energy is the “cosmological constant” Λ proposed by Einstein, of which
the corresponding cosmological model is the Λ cold dark matter (ΛCDM) model. The ΛCDM model is
very simple and is favored by the current cosmological observations, in particular, the observation of the
Planck satellite mission [49], thus it is widely viewed as a prototype of the standard cosmological model.
However, actually, current observations have not excluded the dynamical dark energy models, and in fact
the ΛCDM model needs to be tested further in a more accurate manner. Thus it is extremely important
to probe the dynamics of dark energy. The simplest extension to Λ is the dark energy with a constant w,
of which the corresponding cosmological model is the so-called wCDM model. The shortcoming of this
model is that the constant w is usually viewed unphysical or unreal. To consider a model with time-varying
w, the most popular way is to parametrize w(a) in the form of w(a) = w0 + wa(1 − a), which is often called
the Chevallier-Polarski-Linder (CPL) model [66, 67]. However, the CPL model has an evident shortcoming
that it has two more additional parameters than ΛCDM, which adds enormous complexities leading to the
fact that w0 and wa (in particular wa) are very difficult to be well constrained. To remain the same number
of parameters with wCDM and to simultaneously consider the evolution of w, we take the holographic
dark energy (HDE) model [68–70] into account. The HDE model originates from the consideration of the
holographic principle of quantum gravity, and it can fit the observational data fairly well [71–81], thus it
is a rather competitive model among the many dark energy models [75, 76, 81]. Therefore, in this paper,
4in order to make a comprehensive analysis, we take the ΛCDM, wCDM, CPL, and HDE models as typical
examples.
The organization of this paper is as follows. In Sect. II, we describe the current measurements of the
Hubble parameter H(z), and introduce the redshift-drift observations from which the high-redshift H(z) data
can be obtained. In Sect. III, we use the current H(z) data and the simulated H(z) data from the SL test to
constrain the typical dark energy models and discuss what role the redshift-drift observations would play in
constraining dark energy with the Hubble parameter measurements. Conclusion is given in Sect. IV.
II. METHOD AND DATA
A. The current Hubble parameter measurements
The Hubble parameter H(z) is defined to be the rate of the relative expansion of the universe,
H(z) =
a˙
a
= − 1
1 + z
dz
dt
, (3)
where a is the cosmic scale factor and a˙ is its rate of change with respect to the cosmic time t. H(z) is
usually expressed in the unit of km s−1 Mpc−1. Directly measuring H(z) is always a major challenge in
modern cosmology.
In recent years, enormous efforts have been made in the measurements of H(z). Currently, more than 30
H(z) data have been accumulated, from two kinds of different measurement methods. The first method was
proposed by Jimenez and Loeb [17] in 2002. One could take the passively evolving galaxies as standard
cosmic chronometers whose differential age evolution as a function of the redshift can directly probe H(z),
as is given by the second equal sign of Eq. (3). This method is usually called differential age method,
abbreviated as “DA” method in this paper. We use 25 data obtained from the DA method through more
than 10 years’ effort, as listed in Table I. These data include eight new measurements of H(z) in 2012 [29]
with smaller error bars compared to the earlier data [28]. In the current literature [28, 32, 35], it has been
shown that the constraints from them on cosmological models are almost equal to those from current type
Ia supernova apparent magnitude versus redshift data. Besides, we add two latest H(z) data obtained in
2015 [46], up to z ∼ 2 (z = 1.363 and z = 1.965). It has been shown [46] that there is a detectable
improvement (∼ 5%) on Ωm and w compared to previous measurements when they are used to estimate the
accuracy on cosmological parameters in the ΛCDM and wCDM models.
The second popular way to directly measure H(z) is through the clustering of galaxies or quasars.
Hereafter, this approach is called “Clustering” for convenience. One could get a direct measurement of H(z)
by using the BAO peak position as a standard ruler in the radial direction [21]. Through the BAO detection,
50 . 0 0 . 5 1 . 0 1 . 5 2 . 0 2 . 50
5 0
1 0 0
1 5 0
2 0 0
2 5 0
H(z
) [k
m s
-1  M
pc-1
]
z
 D A          C l u s t e r i n g
0 . 0 0 . 1 0 . 2 0 . 3 0 . 4
0 . 6 0
0 . 6 5
0 . 7 0
0 . 7 5
0 . 8 0
h
Ω m
 D A                   C l u s t e r i n g         D A + C l u s t e r i n g
FIG. 1: Left: The current Hubble parameter measurements data (31 points referenced in total), where 25 H(z) data
points (0.07 ≤ z ≤ 1.965) come from the “DA” measurement and six data points (0.35 ≤ z ≤ 2.34) come from
the “Clustering” measurement. In these data points, the highest redshift is z = 2.34, corresponding to the point
obtained from the BAO measurement in the Ly-α forest of BOSS quasars [45], in the “Clustering” dataset; whereas
all the other five points in the “Clustering” dataset are in the range of z ∈ [0.35, 0.73]. Right: The constraints on the
ΛCDM model with the current H(z) measurements (the 68% and 95% CL contours are shown in the Ωm–h plane). We
show the constraints from the “DA” and “Clustering” datasets, separately, and we also show the constraints from the
combination of the two.
a measurement of DV = D
2/3
A (z/H(z))
1/3 was obtained with a combination of the Hubble parameter H(z) and
the angular diameter distance DA(z). Then one can measure H(z) and DA(z) through a variety of scientific
methods [21, 30, 32, 41, 45]. For example, Gaztanaga et al. [21] separated the clustering of the LRG
sample in the SDSS DR6 and DR7 into the line-of-sight and transverse information, and obtained H(z) =
79.69 ± 2.65 km s−1 Mpc−1 at z = 0.24 and H(z) = 86.45 ± 3.68 km s−1 Mpc−1 at z = 0.43. But the two
data are not used in our analysis (consistent with [35–37, 47]) because they have unreasonably small error
bars, causing a strong controversy in the existing papers [22, 24, 27]; Blake et al. [30] extracted H(z) and
DA(z) by combining the acoustic parameter A(z) ∝ [D2A(z)/H(z)]1/3 and the Alcock-Paczynski distortion
parameter F(z) ∝ DA(z)H(z), and obtained H(z) = 82.6 ± 7.8 km s−1 Mpc−1 at z = 0.44, H(z) = 87.9 ± 6.1
km s−1 Mpc−1 at z = 0.6, and H(z) = 97.3 ± 7.0 km s−1 Mpc−1 at z = 0.73; and so on. Detailed separation
methods will not be discussed in detail in this paper; for more details, see Refs. [21, 30, 32, 41, 45].
Importantly, we use the latest BAO measurement H(z) = 96.8 ± 3.4 km s−1 Mpc−1 at z = 0.57 [41] and
H(z) = 222 ± 7 km s−1 Mpc−1 at z = 2.34 [45] instead of the previous measurements at the same redshifts.
6TABLE I: Data of the Hubble parameter H(z) versus the redshift z, where H(z) and σH are in units of km s−1 Mpc−1.
z H(z) σH Reference Method
0.07 69.0 19.6 [38] DA
0.1 69.0 12.0 [23] DA
0.12 68.6 26.2 [38] DA
0.17 83.0 8.0 [23] DA
0.179 75.0 4.0 [29] DA
0.199 75.0 5.0 [29] DA
0.2 72.9 29.6 [38] DA
0.27 77.0 14.0 [23] DA
0.28 88.8 36.6 [38] DA
0.352 83.0 14.0 [29] DA
0.4 95.0 17.0 [23] DA
0.48 97.0 62.0 [23] DA
0.593 104.0 13.0 [29] DA
0.68 92.0 8.0 [29] DA
0.781 105.0 12.0 [29] DA
0.875 125.0 17.0 [29] DA
0.88 90.0 40.0 [23] DA
0.9 117.0 23.0 [23] DA
1.037 154.0 20.0 [29] DA
1.3 168.0 17.0 [23] DA
1.363 160.0 33.6 [46] DA
1.43 177.0 18.0 [23] DA
1.53 140.0 14.0 [23] DA
1.75 202.0 40.0 [23] DA
1.965 186.5 50.4 [46] DA
0.35 82.7 8.4 [32] Clustering
0.44 82.6 7.8 [30] Clustering
0.57 96.8 3.4 [41] Clustering
0.60 87.9 6.1 [30] Clustering
0.73 97.3 7.0 [30] Clustering
2.34 222.0 7.0 [45] Clustering
The total six “Clustering” measurements of H(z) are also listed in Table I.
Note here that in this paper we adopt most of the compilation of the current H(z) data from Ref. [44].
In Ref. [44], the sources of these H(z) data are clearly given, and the statistical and systematical errors
are discussed in detail. The other updated H(z) data are also discussed in Refs. [41, 45, 46] in detail. For
the utilization of the data from BAO, some authors thought that they are not totally model-independent and
thus may not be used in the cosmological parameter constraints [20, 82–88]. We admit that there are indeed
some problems in the utilization of the H(z) data, but these are not the focus of this paper. The main aim
7of this paper is to have a look at how the future redshift-drift measurements can improve the constraints on
cosmological parameters with the H(z) data alone. In order not to deviate from the main aim of this paper,
we do not address these issues in this paper.
We plot these H(z) data points in the left panel of Fig. 1. The 25 data points from the “DA” measurement
are in the range of 0.07 ≤ z ≤ 1.965 and the six data points from the “Clustering” measurement are in the
range of 0.35 ≤ z ≤ 2.34. For these data points, the highest redshift is z = 2.34 [45], corresponding to
the point obtained from the BAO measurement in the Ly-α forest of BOSS quasars, in the “Clustering”
dataset. (Note that using this high-redshift measurement, the evidence of evolving dark energy has been
demonstrated in Ref. [43].) The other five points in the “Clustering” dataset are all in the range of z ∈
[0.35, 0.73]. Comparing these data points in Fig. 1, we apparently find that the error bars of points from the
“Clustering” dataset are much less than those from the “DA” dataset.
In order to constrain the cosmological models with these H(z) data points, we need to perform a χ2
statistical analysis. The χ2 function of this analysis is given by
χ2H(p) =
N∑
i=1
[Hth(zi; p) − Hobs(zi)]2
σ2H,i
, (4)
where N denotes the number of data points, zi is the redshift at which H(zi) has been measured, p represents
model parameters, Hth and Hobs are the predicted value of H(z) in the cosmological model and the measured
value, respectively, and σH,i is the standard deviation of the ith point.
Since the ΛCDM model is widely viewed as a prototype of the standard cosmology, we take this model
as a reference model to test the consistency of the two datasets of H(z) measurements. In the right panel
of Fig. 1, we plot the two-dimensional posterior contours (68% and 95% confidence level) in the Ωm–h
plane of the ΛCDM model using the DA and Clustering data of H(z). We find that the two datasets are
rather consistent with each other. Although the number of data points is less, the constraining power of the
“Clustering” set is evidently better than the “DA” dataset. The combination of the two datasets provides
a much tighter constraint on the cosmological model; see the red contours in this figure. The combined
H(z) measurements with 31 data in total give the fit results: Ωm = 0.2654+0.0325−0.0287 and h = 0.7043
+0.0241
−0.0246,
constraining the parameter Ωm to the precision of ∼ 11.57% and the parameter h to the precision of ∼ 3.46%.
This shows that solely using the current H(z) measurements could provide rather tight constraints on the
cosmological parameters.
8B. Future high-redshift H(z) measurements from redshift-drift observations
In this paper, we study how accurate high-redshift H(z) data could be provided by the future redshift-
drift observation and how these data would impact on constraining dark energy with the H(z) measurements
alone.
The redshift-drift observation, sometimes called the “SL test”, is not only conceptually simple, but also
is a direct probe of cosmic dynamic expansion, although being observationally challenging. We adopt an
experiment like CODEX [53] to perform a forecast analysis for the predicted accuracy of observations. The
major observation facilities, e.g. ELT, aim at directly measuring the accelerating expansion of the universe
by detecting the cosmological redshift drift of the Lyman-α forest from QSOs lying in 2 . z . 5.
The main observation of SL test is the redshift variation, expressed as a spectroscopic velocity shift [65],
∆v =
∆z
1 + z
= H0∆to
[
1 − E(z)
1 + z
]
, (5)
where ∆to is the time interval of observation, and E(z) = H(z)/H0 is decided by specific cosmological
models. According to the performance of the Monte Carlo simulations of Lyman-α absorption lines, the
uncertainty on ∆v can be written as [53]
σ∆v = 1.35
(
S/N
2370
)−1 (NQSO
30
)−1/2 (1 + zQSO
5
)x
cm s−1, (6)
where S/N = 3000 is defined as the spectral signal-to-noise per 0.00125 nm pixel, NQSO and zQSO are the
number and redshift of QSOs, respectively. In addition, the last exponent x = −1.7 for 2 6 z 6 4 and
x = −0.9 for z > 4. In our simulation, 30 SL test data are chosen to uniformly distribute over six redshift
bins of zQSO ∈ [2, 5] (namely, the redshift interval ∆z = 0.5 for each bin), by observing 30 bright QSOs at
high redshifts.
The observation of the redshift drift is equivalent to the observation of the Hubble parameter, since we
have the simple relationships: H(z) = (H0 − ∆v/∆to)(1 + z) and σH = (1 + z)σ∆v/∆to. Thus we can use
the SL test to simulate 30 mock H(z) data in the redshift range of z ∈ [2, 5]. In this paper, we choose to
consider a 10-year observation of redshift drift (∆to = 10 year) to make the analysis, because in our opinion
a 10-year forecast is fairly proper and meaningful for our study of the H(z) constraints on dark energy. To
show the accuracy of the 10-year H(z) data from the SL test, we plot the forecast data points in Fig. 2;
for a convenient display, we show the H(z)/(1 + z) plots. The fiducial models for simulating the forecast
data are chosen to be the ΛCDM, wCDM, and CPL models in this example, as shown in the three panels of
Fig. 2. The black curve with cyan band represents the best fit with 1σ uncertainty, reconstructed from the
current H(z) measurements (31 data in total). We find that the higher redshift is, the smaller error bar the
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FIG. 2: The evolutions of H(z)/(1 + z) in the ΛCDM, wCDM, and CPL models. The black curves and cyan bands
(best fit with 1σ uncertainty) are reconstructed from the current H(z) measurements. The red error bars (1σ) on the
black curves are estimated from the 10-year redshift-drift observation.
10-year SL H(z) point has. This implies that the SL test would play a more important role for constraining
the models with more parameters.
In the mock data simulation, we adopt the scheme accordant with our previous papers [59, 60, 62, 63],
i.e., we choose the best-fitting specific dark energy model in study as the fiducial model to produce the
simulated H(z) data. The best fit of the dark energy model is given by the current H(z) data. This aims
to avoid the potential tension between the current H(z) data and the simulated future H(z) data. In most
papers on the redshift-drift observation [50–54, 56–58, 61], the fiducial model for simulating data is chosen
to be the ΛCDM model no matter what dark energy model is in study, which sometimes leads to the evident
tension between the current data and the simulated data in the combined analysis. Our scheme can efficiently
avoid such a problem. In the following, we use the current and future H(z) data to uniformly constrain the
typical dark energy models and study what role the high-redshift H(z) measurement from the 10-year SL
test would play in constraining dark energy with the H(z) data alone.
III. CONSTRAINTS ON DARK ENERGYMODELS FROM HUBBLE PARAMETER MEASUREMENTS
INCLUDING REDSHIFT-DRIFT OBSERVATIONS
In the section, we study the capability of the H(z) measurements in constraining dark energy models.
First, we study how the current 31 H(z) data can be used to constrain the typical dark energy models. Then
we use the each best-fitting dark energy model itself as the fiducial model to produce the simulated mock
10
TABLE II: Fit results for the ΛCDM, wCDM, CPL, and HDE models using the current H(z) data and the H(z) + SL
10-year data.
H(z) H(z)+ SL 10-year
Parameter ΛCDM wCDM ΛCDM wCDM
w −1 (fixed) −0.8174+0.2519−0.2563 −1 (fixed) −0.8151+0.1884−0.2391
Ωm 0.2654+0.0325−0.0287 0.2662
+0.0355
−0.0376 0.2654
+0.0056
−0.0055 0.2663
+0.0093
−0.0071
h 0.7043+0.0241−0.0246 0.6742
+0.0489
−0.0451 0.7042
+0.0126
−0.0126 0.6735
+0.0423
−0.0420
Parameter CPL HDE CPL HDE
w0 −0.8591+0.3981−0.3697 − −0.8531+0.2689−0.2652 −
wa 0.8583+0.4995−2.4411 − 0.8366+0.4849−0.4996 −
c − 1.1383+1.3681−0.4323 − 1.1642+0.5430−0.3271
Ωm 0.1534+0.1799−0.1221 0.2435
+0.0334
−0.0341 0.1535
+0.0094
−0.0071 0.2421
+0.0102
−0.0146
h 0.6884+0.0571−0.0585 0.6796
+0.0536
−0.0485 0.6881
+0.0493
−0.0499 0.6785
+0.0257
−0.0247
high-redshift H(z) data (z ∈ [2, 5]) from a 10-year redshift-drift observation and combine the current and
future H(z) data to constrain the dark energy model. Our aim is to see how the future high-redshift H(z)
measurements from SL test would improve the constraining power in the study of dark energy with the H(z)
observations.
We choose four specific dark energy models as representatives of cosmological models to make the
analysis. They are the ΛCDM, wCDM, CPL, and HDE models. In the ΛCDM model, the EoS of dark
energy is fixed to be w = −1. In the wCDM model, the EoS of dark energy, w, is a constant. In the CPL
model, the EoS of dark energy is parametrized as w(z) = w0 + wa z1+z [66, 67]. In the HDE model, the EoS
of dark energy is given by w(z) = −1/3− (2/3c)√Ωde(z) [68], where c is a dimensionless parameter and the
function Ωde(z) is the solution to the differential equation Ω′de = Ωde(1−Ωde)[1 + (2/c)
√
Ωde] [68], with the
prime denoting the derivative with respect to ln a.
We constrain the four dark energy models by using the current H(z) data and the combination of the
current and SL 10-year H(z) data. The fit results are given in Table II. We find that, using the current H(z)
11
TABLE III: Constraint errors and precisions of parameters in the ΛCDM, wCDM, CPL, and HDE models for the fits
to the current H(z) data and the H(z) + SL 10-year data.
H(z) H(z)+ SL 10-year
Error ΛCDM wCDM CPL HDE ΛCDM wCDM CPL HDE
σ(w0) − 0.2541 0.3842 − − 0.2152 0.2671 −
σ(wa) − − 1.7619 − − − 0.4923 −
σ(c) − − − 1.0145 − − − 0.4482
σ(Ωm) 0.0307 0.0366 0.1537 0.0338 0.0056 0.0083 0.0083 0.0126
σ(h) 0.0244 0.0470 0.0578 0.0511 0.0126 0.0422 0.0496 0.0252
Precision ΛCDM wCDM CPL HDE ΛCDM wCDM CPL HDE
ε(w0) − 0.3109 0.4472 − − 0.2640 0.3130 −
ε(wa) − − 2.0528 − − − 0.5885 −
ε(c) − − − 0.8912 − − − 0.3850
ε(Ωm) 0.1157 0.1375 1.0020 0.1388 0.0211 0.0312 0.0541 0.0520
ε(h) 0.0346 0.0697 0.0840 0.0752 0.0179 0.0627 0.0721 0.0371
data only, the ΛCDM model can be well constrained, but other dark energy models that have one or two
more parameters than ΛCDM can only be loosely constrained. However, when the SL 10-year H(z) data
are combined, all the constraint results are improved significantly.
To see the improvements from the SL 10-year measurement visually, we show the constraint results in
Figs. 3 and 4. In Fig. 3, we show the two-dimensional posterior distribution contours (68% and 95% CL) in
the Ωm–h plane for the four dark energy models. The pink contours are from the constraints of current H(z)
data and the blue contours are from the constraints of the combination of current and SL 10-year H(z) data.
For all the cases, we find that the degeneracy directions are evidently changed by adding the SL 10-year
data. In Fig. 4, we show the two-dimensional marginalized contours in the Ωm–w plane for the wCDM
model, in the w0–wa plane for the CPL model, and in the Ωm–c plane for the HDE model. From these
figures, we clearly see that adding the SL 10-year data leads to significant improvements for the constraint
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FIG. 3: Constraints (1σ and 2σ CL) on the ΛCDM, wCDM, CPL, and HDE models in the Ωm–h plane from
the current H(z) measurements (pink contours) and current H(z) + future 10-year redshift-drift measurements (blue
contours).
precisions of all the parameters, in particular the parameter Ωm.
In order to quantify the improvements, we list the errors and constraint precisions of parameters in the
four models for the fits to the current H(z) data and the current + SL 10-year H(z) data, in Table III. Based
on the best-fit value and the error of the parameter in the fit, we can evaluate the constraint precision of the
parameter. For a parameter ξ, one can define the constraint precision as ε(ξ) = σ(ξ)/ξbf , where ξbf denotes
the best-fit value of ξ.
We find that the precision of Ωm can be enhanced by nearly one order of magnitude when the SL 10-year
H(z) data are combined. Concretely, the precision of Ωm is improved from 11.57% to 2.11% for ΛCDM,
from 13.75% to 3.12% for wCDM, from 100.20% to 5.41% for CPL, from 13.88% to 5.20% for HDE. The
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FIG. 4: Constraints (1σ and 2σ CL) on the wCDM, CPL, and HDE models from the current H(z) measurements
(pink contours) and current H(z) + future 10-year redshift-drift measurements (blue contours). We show the two-
dimensional marginalized contours in the Ωm–w plane for the wCDM model, in the w0–wa plane for the CPL model,
and in the Ωm–c plane for the HDE model. For the models that contain ΛCDM as a sub-model, namely wCDM and
CPL, the positions of the cosmological constant are clearly denoted.
constraint precision of the parameter h is also evidently enhanced for all the four models; for details, see
Table III. For the property of dark energy, the constraints are also improved moderately. For example, in
the wCDM model, the precision of w is improved from 31.09% to 26.40%; in the CPL model, the precision
of w0 is improved from 44.72% to 31.30%; and in the HDE model, the precision of c is improved from
89.12% to 38.50%. In addition, for the CPL model, wa is loosely constrained by only using the current H(z)
data (its precision is 205.28%), but when the SL 10-year observation is considered, wa can be constrained
to 58.85%. Hence, we see that the H(z) constraints on dark energy models can be improved greatly when
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the H(z) data from an only 10-year observation of redshift drift are included.
Among the four dark energy models analyzed in this paper, the CPL and HDE models could describe
time-evolving EoS w(z). For the CPL model, there are two parameters, w0 and wa, describing the property
of dark energy, and the ΛCDM model is contained in this model as a sub-model with (w0,wa) = (−1, 0).
The HDE model is totally different from the CPL model; it has only one parameter (namely, c) to describe
the property of dark energy, w(z) = −1/3 − (2/3c)√Ωde(z) [68]. Clearly, in the early times (z → ∞
and Ωde → 0), one has w(z → ∞) = −1/3, and in the far future (z → −1 and Ωde → 1), one has
w(z → −1) = −1/3 − 2/3c; thus the HDE model does not involve the ΛCDM model. In Fig. 5, we show
the reconstructed evolutions of w(z) for CPL and HDE with 1σ and 2σ errors obtained from the H(z)+SL
10-year data. We find that it is possible to differentiate dynamical dark energy from ΛCDM by only using
the H(z) measurements in the future.
IV. CONCLUSION
The direct measurements of the Hubble parameter at different redshifts are vitally important for con-
straining the property of dark energy. Usually, the constraints on dark energy are often provided by the
distance-redshift relation measurements, but the distance (luminosity distance or angular diameter distance)
is linked to dark energy by an integral over 1/H(z), and H(z) is affected by dark energy via another integral
over w(z). Thus using the distance measurements to constrain the history of w(z) is extremely difficult, but
using the H(z) measurements to constrain the dark energy is much simpler and more feasible.
Though directly measuring H(z) is a challenging task, in recent years some H(z) data have been accu-
mulated through the great efforts of astronomers. Up to now, we have about 31 H(z) data in total, covering
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the redshift range of z ∈ [0.07, 2.34]. In these data, about 25 data points come from the “DA” measurement
(0.07 ≤ z ≤ 1.965) and about six data points come from the “Clustering” measurement (0.35 ≤ z ≤ 2.34).
We show that the two datasets of H(z) are consistent with each other, and solely using the current H(z)
data (the combination of the two datasets) could provide fairly good constraints on the typical dark energy
models.
In addition, the future redshift-drift observations (i.e., the SL test) could actually also directly measure
H(z) at higher redshifts, covering the redshift range of z ∈ [2, 5]. Thus we also discuss what role the redshift-
drift observation can play in constraining dark energy with the Hubble parameter measurements. We choose
four specific dark energy models as typical examples to make an analysis. They are the ΛCDM, wCDM,
CPL, and HDE models. We consider a 10-year observation of redshift drift and produce 30 simulated
H(z) data at the redshift range of z ∈ [2, 5]. We show that the constraints on the dark energy models can
be improved greatly when the high-redshift H(z) data from only a 10-year observation of redshift drift
are combined. We expect that the redshift-drift observation would be successfully implemented and the
accurate high-redshift H(z) data could be obtained to make great contribution to the study of dark energy.
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